In this paper we extend our previous results on resolving conically singular Calabi-Yau 3-folds (Chan, Quart. J. Math. 57:151-181, 2006; Quart. J. Math., to appear) to include the desingularizations of special Lagrangian (SL) 3-folds with conical singularities that occur at the same points of the ambient Calabi-Yau. The gluing construction of the SL 3-folds is achieved by applying Joyce's analytic result (Joyce, Ann. Global. Anal. Geom. 26: 1-58, 2004, Thm. 5.3) on deforming Lagrangian submanifolds to nearby special Lagrangian submanifolds. Our result will in principle be able to construct more examples of compact SL submanifolds in compact Calabi-Yau manifolds. Various explicit examples and applications illustrating the result in this paper can be found in the sequel (Chan, Ann. Global. Anal. Geom., to appear).
Introduction
Special Lagrangian (SL) submanifolds in Calabi-Yau manifolds play an important role in the explanation of a phenomenon in physics called Mirror Symmetry. They are examples of calibrated submanifolds, appearing in Harvey and Lawson [5] , which generalizes the concept of volume-minimizing property of complex submanifolds of Kähler manifolds. Let (M, J, ω, ) be a Calabi-Yau manifold of complex dimension m. Then Re( ) is a calibrated form whose calibrated submanifolds are real m-dimensional special Lagrangian submanifolds (SL m-folds). Special Lagrangian submanifolds attracted much interest in connection with the SYZ conjecture proposed by Strominger et al. [14] in 1996, which attempts to explain Mirror Symmetry between Calabi-Yau 3-folds. According to the proposal of SYZ conjecture, singular SL submanifolds and SL fibrations in Calabi-Yau 3-folds appear in the construction, Y.-M. Chan (B) Department of Mathematics, The University of Hong Kong, Hong Kong, China e-mail: ymchan@maths.hku.hk and a lot of work has been done on these singular special Lagrangians. However, due to the limited number of examples, there is a lack of understanding in SL submanifolds, in particular the singular ones.
In the context of isolated conical singularities, Joyce has developed a comprehensive programme on the desingularization of conically singular SL m-folds in (almost) CalabiYau manifolds and their deformation theory in his series of papers [8] [9] [10] [11] 7] . The conical singularities of the SL m-folds are resolved by gluing in at the singular points some nonsingular SL m-folds in C m which are asymptotic to SL cones at infinity.
In this paper we extend our previous result on desingularizing conically singular CalabiYau 3-folds [1,2] to include the desingularization of SL 3-folds with conical singularities that occur at the same singular points of the ambient Calabi-Yau. More precisely, suppose M 0 is a Calabi-Yau 3-fold with isolated conical singularities at x i for i = 1, . . . , n, and N 0 an SL 3-fold in M 0 with conical singularities at the same points Our result should allow one to produce new examples of compact SL 3-folds in compact Calabi-Yau 3-folds. In the sequel [3] of this paper, we will present some examples to describe the application of our general theory in this paper. This paper is organized as follows. In Sect. 2 we briefly describe the materials and review the main results in [1, 2] . We introduce the notion of SL cones in Sect. 3, SL m-folds with conical singularities in Sect. 4 and AC SL m-folds in Sect. 5. We then proceed to Sect. 6 by establishing necessary notations and discussing Joyce's analytic result. In Sect. 7 we construct Lagrangian 3-folds N t by gluing in L i to N 0 at each x i . Then in Sect. 8 we compute the estimates of the size of Im (ˆ t )| N t . We divide the whole computation into three components, as given in Eq. 8.1. Using the concept of local injectivity radius, together with a kind of isoperimetric inequality and the elliptic regularity result, we finally verify all the conditions, and we are able to prove our main result of this paper in Sect. 9.
Review of the main results in [1] and [2]
In this section we survey and review the major results in our earlier papers [1] and [2] , in which we studied Calabi-Yau 3-folds with conical singularities and their desingularizations. This gives the first step of our aim in the present paper-simultaneous desingularizations of Calabi-Yau and special Lagrangian (SL) 3-folds with conical singularities.
Thirty years ago, Yau [16] showed that a smooth compact Kähler manifold with vanishing first Chern class admits a Ricci-flat Kähler metric, thus solving the longstanding Calabi conjecture and giving rise to the current nomenclature of Calabi-Yau metrics. A minor modification shows that the method also works for certain singular spaces-those with orbifold singularities. The goal of my papers [1] is to obtain further information about such metrics, and nearby smooth metrics. We then extend the result to include more general singularities, particularly the ordinary double points, in [2] . To achieve these goals, we construct desingularizations of a Calabi-Yau 3-fold M 0 with isolated conical singularities by gluing in at each singular point an Asymptotically Conical (AC) Calabi-Yau 3-fold. We then obtain a 1-parameter family of compact, nonsingular Calabi-Yau 3-folds with M 0 as the limit.
